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Abstract
Variational problems with n degrees of freedom give rise (by Pontriaguine maximum principle)
to a Hamiltonian vectorfield in T ∗Rn, that presents singularities (nonsmoothness points) when the
Lagrangian is not convex. For one degree of freedom nonautonomous problems of the calculus of
variations where the Hamiltonian vectorfield in T ∗R depends explicitly on the time, we consider the
associated autonomous vectorfield in T ∗R×R and classify its singularities up to an equivalence that
takes into account the special role played by the time coordinate, i.e., that respects the foliation of
T ∗R×R into planes of constant time.
 2003 Elsevier Inc. All rights reserved.
1. Introduction
A nonautonomous variational problem with one degree of freedom gives rise, by Pon-
triaguine maximum principle [8] to a nonautonomous Hamiltonian vectorfield on T ∗R,
XH(x,p, t)=
(
∂H
∂p
,−∂H
∂x
)
(x,p, t),
where H(x,p, t)= maxu∈MH(x,p, t, u) with H(x,p, t, u)= p · F(x, t, u)− f (x, t, u),
(F,f ) ∈ C∞(R2 ×M,R)×C∞(R2 ×M,R), and M is a smooth n-dimensional manifold
without boundary.
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its maximum at a unique nondegenerate point, rigorously it should be
XH(x,p, t) ∈
{(
∂H
∂p
,−∂H
∂x
)
(x,p, t, u): H(x,p, t, u)=H(x,p, t)
}
.
Nevertheless we choose the first formulation taking into account the possibility that
(∂H/∂p,−∂H/∂x)(x,p, t) is multivalued.
The integral curves of the Hamiltonian nonautonomous vectorfield XH are the trajecto-
ries of the autonomous vectorfield on T ∗R×R,
X˜H =
(
∂H
∂p
,−∂H
∂x
,1
)
(x,p, t),
which in general may be nonsmooth. We then say that X˜H has singularities. For the au-
tonomous problems of the calculus of variations, these singularities were studied in [3].
The goal of this paper is to classify the singularities for the nonautonomous case. As X˜H
depends explicitly on the time-coordinate t , the classification can be carried out in two
different ways:
(1) Treating the coordinates x , p, and t indistinctly, not giving a special role to the time
coordinate;
(2) Treating the coordinates x , p, and t so that simultaneity is preserved, taking note of
the distinguished role played by the time-coordinate.
The first option leads to the classification presented in [4] for homogeneous (of de-
gree 2) variational problems with 2 degrees of freedom. The homogeneity assumption is
made there only for two reasons: the first is the possibility to reduce the classification of an
homogeneous Hamiltonian vectorfield X on a four-dimensional manifold to the classifica-
tion of a three-dimensional vectorfield, considering the restriction of X to an energy level
Eλ once the phase portrait of the restriction does not depend on the level λ. Generically,
the singularity points of the restriction of X to Eλ are the nonsmoothness points of the
maximum function of a generic three parameter family of functions. The second one is an
additional property of such homogeneous vectorfields, which states that at points where
the Hamiltonian vectorfield is multivalued, the convex combinations of the possible values
of the vectorfield do not contain zero.
The three-dimensional vectorfield X˜H is not the restriction to an energy level of an
homogeneous (of degree 2) Hamiltonian vectorfield on a four-dimensional manifold. But
generically, the singularity points of X˜H are the nonsmoothness points of the maximum
function of a generic three parameter family of functions. Moreover, at points where the
Hamiltonian vectorfield is multivalued, the convex combinations of the possible values of
the vectorfield X˜H do not contain zero. Therefore, treating the coordinates x , p, and t
indistinctly we get the classification presented in [4].
We consider the second option. So, the goal of this paper is to classify the singularities
of X˜H up to an equivalence that preserves simultaneity, i.e., that respects the foliation of
T ∗R× R into planes of constant time. In the local changes of coordinates, the new time
coordinate may depend only on the old time coordinate, not on the coordinates x and p.
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To obtain the possible local phase portraits of X˜H around its singularities, we begin to
consider the following equivalence relation.
Definition 1. The vectorfield X˜H at (x ′,p′, t ′) is locally (2,1)-equivalent to the vec-
torfield X˜H ′ at (x ′′,p′′, t ′′), if there exist neighbourhoods U ′ and U ′′ of (x ′,p′, t ′)
and (x ′′,p′′, t ′′), respectively, and a smooth diffeomorphism φ :U ′ → U ′′, of the form
φ(x,p, t) = (φ1(x,p, t), φ2(x,p, t), h(t)) such that φ maps trajectories of X˜H onto tra-
jectories of X˜H ′ .
We will call the diffeomorphisms of the above type (which respect the foliation of
T ∗R×R into planes of constant time), (2,1)-diffeomorphisms.
We remark that if ψ is a (2,1)-diffeomorphism on T ∗R × R and H = H ′ ◦ ψ , the
trajectories of the vectorfield X˜H = (∂H/∂p,−∂H/∂x,1) are transformed by ψ∗ in the
trajectories of the vectorfield Y = (R1 +ω(∂H ′/∂p),R2 −ω(∂H ′/∂x),1), where R1, R2,
and ω are smooth functions on T ∗R×R and ω does not vanish. So the classification of X˜H
cannot be reduced to the classification of H . But the nonsmoothness points of Y coincide
with the nonsmoothness points of X˜H ′ , and so the singularity sets of X˜H can be obtained
by the (2,1)-classification of H .
Definition 2. The function H at (x,p, t) is locally (2,1)-equivalent to the function H ′ at
(x ′,p′, t ′), if there exist neighbourhoodsU and U ′ of (x,p, t) and (x ′,p′, t ′), respectively,
a smooth (2,1)-diffeomorphism,φ :U → U ′ and a real number c such thatH ′ =H ◦φ+c.
For what follows, we will say that a property is satisfied “for almost all (F,f ),” if it is
satisfied for a residual set G⊂ C∞(R2 ×M,R)×C∞(R2 ×M,R).
Theorem 1. Let (x¯, p¯, t¯ ) ∈ T ∗R × R. For almost all (F,f ) for which H is defined,
(x¯, p¯, t¯ ) belongs to one of the sets in the first column of Table 1 andH at (x¯, p¯, t¯ ) is locally
(2,1)-equivalent to the corresponding function at (0,0,0), where α,αi, β are functions of
class C∞, that vanish at 0 and (∂β/∂τ)(0,0,0) = 0.
Proof. The proof is carried out as in Theorem 1 of [7] using the normal forms for the
(2,1)-equivalence of 3-parameter families of functions in [9] (see [6] for details). ✷
Table 1
Σ0 α(λ1, λ2, τ )
Σc1 max{α1(λ1, λ2, τ ),α2(λ1, λ2, τ )}
Σb2 maxu1 {−u41 + β(λ1, λ2, τ )u1 + λ2u21} + α(λ1, λ2, τ )
Σc2 max{α1(λ1, λ2, τ ),α2(λ1, λ2, τ ),α3(λ1, λ2, τ )}
Σbc3 max{α1(λ1, λ2, τ ),maxu1 {−u41 + λ1u1 + λ2u21} + α2(λ1, λ2, τ )}
Σc3 max{α1(λ1, λ2, τ ),α2(λ1, λ2, τ ),α3(λ1, λ2, τ ),α4(λ1, λ2, τ )}
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In this section we will describe the possible local phase portraits of X˜H around the
points (x,p, t) ∈ Σik up to an equivalence that preserves simultaneity. If (x,p, t) ∈ Σ0,
then around (x,p, t) the function H is smooth and so the singularities of X˜H occur out-
side Σ0.
The equivalence relation between vectorfields presented in Definition 1, seems to
be too strong. In fact, it sometimes prevents us from obtaining a finite number of
equivalence classes in spite of their similarity concerning the behaviour of the trajec-
tories. Also an equivalence relation analogous to the one adopted in [7], considering
(2,1)-homeomorphisms whose restrictions to any subsets Σik of T ∗R×R are smooth, is
still too strong. In this case, it will be more convenient to adopt the following equivalence
relation.
Definition 3. The vectorfield X˜H at (x,p, t) is locally equivalent to the vectorfield X˜H ′ at
(x ′,p′, t ′), if there exist neighbourhoodsU and U ′ of (x,p, t) and (x ′,p′, t ′), respectively,
and a (2,1)-homeomorphism φ :U → U ′, such that
(1) φ maps trajectories of X˜H on trajectories of X˜H ′ ;
(2) The restriction of φ to any subset Σik of T ∗R×R is a (2,1)-diffeomorphism of class
C∞, except eventually in Λj(H) ∩Σ0 with j <∞, where Λj(H) is a hypersurface
composed by all the trajectories of X˜H that pass by a subset Sj of Σik(H) with k > 0;
(3) φ maps points of Σik(H) on points of Σik(H ′) and hypersurfaces Λj(H) on Λj (H ′).
The (2,1)-equivalence relation between Hamiltonian functions will so be weakened in
the following way.
Definition 4. The function H at (x,p, t) is locally equivalent to the function H ′ at
(x ′,p′, t ′), if there exist neighbourhoodsU and U ′ of (x,p, t) and (x ′,p′, t ′), respectively,
a (2,1)-homeomorphism h :U →U ′, and a real number c, such that
(1) The restriction of h to any subset Σik of T ∗R×R is a smooth (2,1)-diffeomorphism;
(2) H ′ =H ◦ h+ c;
(3) h maps points of Σik(H) on points of Σik(H ′).
In the following classification some of the normal forms obtained for Σik coincide
with the ones in [4], namely when Σik has codimension  2 and is transverse to planes
of constant time. In those cases when we also have transversality of the vectorfield X˜H
with respect to Σik we get similar phase portraits but the construction of the equivalence
is different and sometimes a single equivalence class obtained in [4] splits in infinitely
many.
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Σc1 is a codimension 1 submanifold of T
∗
R × R consisting of the points (x¯, p¯, t¯ ) ∈
T ∗R×R around which H is of the form
H(x,p, t)= 1
2
∣∣(α1 − α2)(x,p, t)∣∣+ 12 (α1 + α2)(x,p, t).
So Σc1 is locally given by the equation (α1 − α2)(x,p, t) = 0 and can be transverse
or tangent to the plane t = t¯ according to grad1(α1 − α2)(x¯, p¯, t¯ ) = 0 or grad1(α1 −
α2)(x¯, p¯, t¯ )= 0, respectively, where
grad1(α1 − α2)(x,p, t)=
(
∂
∂x
(α1 − α2), ∂
∂p
(α1 − α2)
)
(x,p, t).
Remark 2. Note that X˜H preserves “normal velocity” at Σc1 , that is in a neighbourhoodU
of (x¯, p¯, t¯ ): (x,p, t) ∈Σc1 ∩U ⇒ X˜α1(x,p, t)− X˜α2(x,p, t) ∈ T(x,p,t)Σc1 .
Let Σˆc1 be the subset of Σ
c
1 consisting of those points where the vectorfield X˜H is
tangent to Σc1 (both the vectorfields X˜αi tangent to Σc1 ), and Σ˜c1 be the subset of Σˆc1
consisting of those points where the vectorfield X˜H is tangent to Σˆc1 (one and only one of
the vectorfields X˜αi tangent to Σˆc1 ). Σˆc1 and Σ˜c1 are submanifolds of Σc1 of codimension 1
and 2, respectively.
So generically at a point (x¯, p¯, t¯ ) ∈Σc1 only the following situations can occur:
• Σc1 transverse to t = t¯ and (x¯, p¯, t¯ ) /∈ Σˆc1 ;
• Σc1 and Σˆc1 transverse to t = t¯ and (x¯, p¯, t¯ ) ∈ Σˆc1 \ Σ˜c1 ;
• Σc1 and Σˆc1 transverse to t = t¯ and (x¯, p¯, t¯ ) ∈ Σ˜c1 ;
• Σc1 transverse and Σˆc1 tangent to t = t¯ , and (x¯, p¯, t¯ ) ∈ Σˆc1 \ Σ˜c1 ;
• Σc1 tangent to t = t¯ .
In the first three cases we get phase portraits similar to the ones obtained in [4]. In fact,
transversality of Σc1 and Σˆ
c
1 to t = t¯ at (x¯, p¯, t¯ ) permits us to obtain the following normal
forms after a suitable (2,1)-diffeomorphism around (x¯, p¯, t¯ ):
Σc1 =
{
(x,p, t): x = 0}, Σˆc1 = {(x,p, t): x = p = 0}.
In the first case, as X˜H is transverse to Σc1 at (x¯, p¯, t¯ ) and by conservation of normal
velocity we obtain as in [4] exactly one equivalence class for X˜H (Fig. 1).
Fig. 1.
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In the second one there are three distinct possibilities (AB , AA, and BB) for the trajec-
tories after projection on a plane transverse to Σˆc1 (Fig. 2).
In [4] these possibilities determine exactly three distinct equivalence classes. Next we
show that with respect to the simultaneity preserving equivalence, cases BB and AB deter-
mine each one also exactly one equivalence class while case AA splits in infinitely many
but with phase portraits all of the same kind (Fig. 3).
Theorem 2. The case BB determines exactly one equivalence class.
Proof. Suppose that X˜H and X˜H ′ are two vectorfields of typeBB . LetΛ1 and Λ2 (respec-
tively, Λ′1 and Λ′2) be the hypersurfaces consisting of the trajectories of X˜H (respectively,
X˜H ′ ) that pass through the points of Σˆc1 . Λ1 and Λ2 (respectively, Λ′1 and Λ′2) divide R3
in 4 subsets Ui (respectively, U ′i ). Let Σc1 \ Σˆc1 = S3 ∪ S4 and H \ Σˆc1 = S1 ∪ S2, where H
is a plane transverse to Σc1 containing Σˆ
c
1 and the indices are chosen as in Fig. 4.
Let ϕ and ϕ′ be the flows of X˜H and X˜H ′ , respectively, and τi(x,p, t) be the time that
the trajectory of X˜H starting at (x,p, t) ∈ Ui spends to reach Si . Considering
ψi : U¯i → S¯i → U¯ ′i ,
(x,p, t) → ϕ(τi(x,p, t), x,p, t)︸ ︷︷ ︸
P
→ ϕ′(−τi(x,p, t),P ),
and defining ψ as ψ| ¯ =ψi , we get the equivalence between X˜H and X˜H ′ . ✷Ui
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equivalence between two vectorfields of type AB is completely different from the previous
case. It will be made after the conjugation of diffeomorphisms on Σc1 .
Let X˜H1 and X˜H2 be two vectorfields of type AB , and Ω be the component of Σ0,
where the trajectories of X˜Hi are concave with respect to Σc1 . For each vectorfield X˜Hi we
can define locally the following return map on Σc1 :
Πi : Σc1 → Σc1 ,
(p, t) → ϕi
(
τi(p, t),0,p, t
)
,
where ϕi is the flow of X˜Hi on Ω¯ and τi(p, t) is the time spent by the trajectory of X˜Hi
starting at (0,p, t) ∈Σc1 to reach Σc1 again. τi(p, t) is of class C∞ and τi(0, t)= 0. So Πi
is of class C∞ and Πi ◦Πi = Id.
If X˜H1 and X˜H2 are equivalent, then Π1 and Π2 are (1,1)-conjugated, that is, there
exists a local diffeomorphism h :Σc1 → Σc1 with h(Σˆc1 ) = Σˆc1 of the form h(p, t) =
(h1(p, t), h2(t)), such that h ◦Π1 =Π2 ◦ h. As we will show in Theorem 3, this condition
is also sufficient.
Lemma 1. Π1 and Π2 are (1,1)-conjugated.
Proof. We will show that both Π1 and Π2 are (1,1)-conjugated to Π(p, t)= (−p, t+p).
The map Πi is of the form
Πi(p, t)=
(
fi(p, t), t + τi(p, t)
)
,
where fi(0, t)= 0 and τi(p, t)= pgi(p, t) with gi(0,0) = 0 (once the vectorfield has first
order contact with Σc1 ). Considering hi(p, t)= (τi(p, t), t), we get
hi ◦Πi ◦ h−1i =Π.
In fact φi = hi ◦Πi ◦ h−1i is of the form φi(p, t)= (pψi(p, t), t +p), and as Πi ◦Πi = Id
we get φi ◦ φi = Id. So ψi(p, t)=−1. ✷
Theorem 3. The case AB determines exactly one equivalence class.
Proof. Let X˜H1 and X˜H2 be two vectorfields of type AB . By Lemma 1 there exists a
(1,1)-diffeomorphism h :Σc1 →Σc1 with h(Σˆc1 )= Σˆc1 , such that h ◦Π1 =Π2 ◦ h, and so
τ1(p, t)= τ2(h(p, t)).
Let Λi be the hypersurface consisting of the trajectories of X˜Hi that pass through the
points of Σˆc1 . Λi dividesR3 in 2 subsets Ui and Vi . Let Σ
c
1 \ Σˆc1 = S− ∪S+, where S− and
S+ are such that the trajectories on Ω go from S− to S+. And let C be the component of
H \ Σˆc1 not contained in Ω , where H is a plane transverse to Σc1 containing Σˆc1 . Consider
ρv: V¯1 → C¯ → V¯2,
(x,p, t) → ϕ1
(
τc(x,p, t), x,p, t
)
︸ ︷︷ ︸ → ϕ2
(−τc(x,p, t),P ),
P
H. Mena-Matos / J. Math. Anal. Appl. 283 (2003) 610–632 617where τc(x,p, t) is the time spent by the trajectory of X˜H1 to get from (x,p, t) ∈ V¯1 to C¯,
and
ρu: U¯1 → S¯+ → h(S¯+) → U¯2,
(x,p, t) → ϕ1
(
τ1(x,p, t), x,p, t
)
︸ ︷︷ ︸
P
→ h(P ) → ϕ2
(−τ1(x,p, t), h(P )),
where τ1(x,p, t) is the time spent by the trajectory of X˜H1 to get from (x,p, t) ∈ U¯1 to S¯+.
Defining ρ as
ρ(x,p, t)=
{
ρu(x,p, t) if (x,p, t) ∈ U¯1,
ρv(x,p, t) if (x,p, t) ∈ V¯1,
we obtain the equivalence between X˜H1 and X˜H2 . ✷
Theorem 4. The case AA determines an infinite number of equivalence classes.
Proof. For a vectorfield X˜Hi of type AA it is possible to define two different return maps
on Σc1 : Π
i
U and Π
i
V , considering the flow of X˜Hi on each side of Σ
c
1 .
If X˜H1 and X˜H2 are equivalent, then consecutive intersection points of trajectories of
X˜H1 with Σc1 must be mapped on consecutive intersection points of trajectories of X˜H2
with Σc1 ; because the last component of both vectorfields is 1 and the equivalence must
respect the foliation of T ∗R×R into planes of constant time. So for X˜H1 and X˜H2 to be
equivalent it is necessary that Π1U and Π1V be (1,1)-conjugated to Π2U and Π2V , respec-
tively, through the same diffeomorphism h, what in general does not happen. ✷
Let us consider now the third case: Σc1 and Σˆ
c
1 transverse to t = t¯ and (x¯, p¯, t¯ ) ∈ Σ˜c1 .
The vectorfield X˜H at Σ˜c1 (that in normal form reduces to the origin) is on one side of Σc1
tangent to Σˆc1 , and on the other side of Σ
c
1 transverse to Σˆ
c
1 .
Let α− and α+ be the components of Σˆc1 − Σ˜c1 contained in t < 0 and t > 0, respec-
tively. Up to a sign change of the coordinates x , p, and t there are only the following two
possibilities for the trajectories around α− and α+:
• ABAA: of type AB around α− and of type AA around α+;
• BBAB: of type BB around α− and of type AB around α+.
In the caseABAA it is not possible to get a finite number of equivalence classes because
around α− the vectorfield is of type AA. In spite of this, the phase portraits are all of the
same kind (Fig. 5). In the case BBAB we were not able to conclude about the number
of equivalence classes. As in the previous section, for two vectorfields of type BBAB
to be equivalent it is necessary and sufficient that the respective return maps on Σc1 be
(1,1)-conjugated. The difficulty on the construction of the conjugation is related with the
nondifferentiability of the return map at the origin. Although, it is possible to give an idea
of the phase portraits (Fig. 5).
The two remaining cases were not considered in [4] because treating the spatial and
time coordinates indistinctly they can be reduced to the previous ones.
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In the case Σc1 transverse and Σˆ
c
1 tangent to t = t¯ and (x¯, p¯, t¯ ) ∈ Σˆc1 \ Σ˜c1 , after a
suitable (2,1)-diffeomorphism around (x¯, p¯, t¯ ) [6], we get
Σc1 =
{
(x,p, t): x = 0}, Σˆc1 = {(x,p, t): x = 0, t − p2 = 0}.
The transversality of X˜H to Σˆc1 and the fact that the two possible values of X˜H at
(x¯, p¯, t¯ ) point towards the same side of Σˆc1 , permit us to conclude that X˜H is of type AB .
The return map Π on Σc1 is, in the new coordinates, of the form
Π(p, t)= (p+ (t − p2)f (p, t), t + (t − p2)g(p, t)),
where f and g are C∞ functions and Π ◦Π = Id.
Lemma 2. The map Π is (1,1)-conjugated to Π˜(p, t) = (p,−t + 2p2) by a diffeomor-
phism h :Σc1 →Σc1 that preserves Σˆc1 .
Proof. From Π ◦Π = Id we conclude that (1 + g(0,0))2 = 1. But τ (p, t) = (t − p2)×
g(p, t) is the time spent by the trajectory starting at (0,p, t) to reach the plane x = 0
and, as the contact of X˜H with Σc1 is of first order (g(0,0) = 0), g(0,0) = −2. Let
F(p, t)= t+(t−p2)g(p, t). Then F(0,0)= 0, (∂F/∂p)(0,0)= 0, (∂2F/∂p2)(0,0)= 2,
and (∂F/∂t)(0,0) = −1. Interpreting F as a one parameter deformation of F(p,0) we
conclude that there exists a change of coordinates of the form h1(p, t)= (ϕ(p, t), t), such
that F(h1(p, t)) = γ (t) + 2p2 with γ ′(0) = −1. So Π1 = h−11 ◦ Π ◦ h1 is of the form
Π1(p, t)= (ψ(p, t), γ (t)+ 2p2). As Π ◦Π = Id we have Π1 ◦Π1 = Id, that is{
ψ(ψ(p, t), γ (t) + 2p2)= p, (1)
γ (γ (t)+ 2p2)+ 2ψ2(p, t)= t . (2)
Differentiating (2) with respect to p and evaluating in p = 0 we obtain
4ψ(0, t)
∂ψ
∂p
(0, t)= 0, ∀t .
So ψ(0, t)= 0, ∀t , that is ψ(p, t) = pξ(p, t) with ξ2(0,0)= 1. Consider now the diffeo-
morphism
h2(p, t)=
(
p
√
1+ ξ2(p, t), t − γ (t)).
Using (1) and (2) it is easy to see that h2 ◦ Π1 = Π˜ ◦ h2. So if h = h2 ◦ h−11 we have
h◦Π = Π˜ ◦h. Note that h is a (1,1)-diffeomorphism that preserves Σˆc1 . In fact h◦Π |Σˆc1 =
Π˜ ◦ h| ˆ c . But Π | ˆ c = Id and Π˜(p, t)= Id iff t − p2 = 0. ✷Σ1 Σ1
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As in the cases treated previously, the construction of the equivalence for the vectorfields
is made after the (1,1) conjugation of the respective return maps on Σc1 . So in this case we
conclude the existence of a unique equivalence class for the vectorfield X˜H (Fig. 6a).
At last we have to consider the case Σc1 tangent to t = t¯ at (x¯, p¯, t¯ ), what corresponds
to grad1(α1−α2)(x¯, p¯, t¯ )= 0. Interpreting (α1−α2)(x,p, t) as a one parameter deforma-
tion of (α1 − α2)(x,p, t¯ ), we conclude that generically there exist coordinates (z1, z2, τ )
around (x¯, p¯, t¯ ) (obtained by a (2,1)-diffeomorphism), such that
(α1 − α2)(z1, z2, τ )=±z21 ± z22 + γ (τ).
As γ ′(0) = 0 (otherwise the codimension would be > 3), we conclude that H is
(2,1)-equivalent to one of the following functions at the origin:
H1(x,p, t)= |x2 + p2 − t| + ϕ(x,p, t),
H2(x,p, t)= |−x2 + p2 − t| + ϕ(x,p, t),
where ϕ is a C∞ function.
Besides, in general X˜H is transverse to Σc1 at (x¯, p¯, t¯ ). So, taking Σ
c
1 as a transversal
section to the vectorfield, we conclude the existence of two equivalence classes for X˜H
(Fig. 6b).
3.2. Singularities in Σb2
Σb2 is a codimension 2 submanifold of T
∗
R× R, consisting of the points (x¯, p¯, t¯ ) ∈
T ∗R×R at which H is (2,1)-equivalent to the following function at the origin:
H(x,p, t)= max
u
{−u4 + β(x,p, t)u+pu2}+ α(x,p, t)
with α and β smooth functions, β(0)= 0, and (∂β/∂t)(0) = 0. So Σb2 is locally given by
p = 0 = β(x,p, t) and is the boundary of one component of Σc1 given by β(x,p, t) = 0
and p > 0.
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b
2 transverse or tangent to the plane t = t¯ at
(x¯, p¯, t¯ ), what corresponds to (∂β/∂x)(0) = 0 or (∂β/∂x)(0)= 0, respectively. So gener-
ically at a point (x¯, p¯, t¯ ) ∈Σb2 only the following situations can occur:
• Σb2 transverse to t = t¯ and X˜H transverse to Σ¯c1 ;
• Σb2 transverse to t = t¯ and X˜H tangent to Σ¯c1 ;
• Σb2 tangent to t = t¯ .
If Σb2 is transverse to t = t¯ at (x¯, p¯, t¯ ), after the change of coordinates (x,p, t) →
(β(x,p, t),p, t), we obtain the following local normal forms for the singularity sets:
Σb2 =
{
(x,p, t): x = 0, p = 0}, Σc1 = {(x,p, t): x = 0, p > 0}.
In the case where X˜H is transverse to Σ¯c1 , we get as in [4] only one equivalence class
(Fig. 8a).
If X˜H is tangent to Σ¯c1 at (x¯, p¯, t¯ ), we get after the above change of coordinates an
equivalent vectorfield Y that is tangent to the plane x = 0 at the origin. So, the ori-
gin belongs to the closure of one component of Σˆc1 given by ξ(p, t) = 0. In general
(∂ξ/∂p)(0,0) = 0 and (∂ξ/∂t)(0,0) = 0 (otherwise the codimension would be > 3). And
we can put Σˆc1 in the form x = 0, p− t = 0 (p > 0), by a (2,1)-diffeomorphism preserving
Σb2 and Σ
c
1 .
At the origin the vectorfield Y is single valued and in general transverse to Σˆb2 . There-
fore the two possible values for Y at points of Σˆc1 point both to the same side of Σˆ
c
1
near Σb2 . So, around Σˆ
c
1 the vectorfield must be of type AB .
Assume that the trajectories that pass through points of Σˆc1 are contained in x  0 (if
this is not the case we consider first the diffeomorphism (x,p, t) → (−x,p, t)), and let Y+
be the restriction of Y to x  0. The trajectories of Y+ are of class C∞ and near the origin
they intersect the plane x = 0 exactly twice.
We consider as before the return map
Π : V → Π(V ),
(p, t) → ϕ(τ (p, t),0,p, t),
where V is an adequate neighbourhood of the origin in x = 0, ϕ the flow of Y+ and τ (p, t)
the time spent by the trajectory starting at (0,p, t) to reach the plane x = 0 again. Π has
the form Π(p, t)= (p+ (t − p)f (p, t), t + (t − p)g(p, t)), where Π ◦Π = Id.
Let Y (0) = (0, a,1). In general a = 0 and |a| = 1 (otherwise the codimension would
be > 3). As p + (t − p)f (p, t) = ϕ2((t − p)g(p, t),0,p, t), where ϕ2 is the second
component of ϕ, we have f (0,0) = ag(0,0). And from Π ◦ Π = Id we conclude that
f (0,0)= 2+ g(0,0). So f (0,0)= 2a/(a − 1) and g(0,0)= 2/(a − 1).
Around the origin, the trajectories of Y , that pass through points of Σb2 contained in
a(a − 1)t  0, intersect Σc1 along a curve γ tangent to the line t = ((a + 1)/(2a))p at the
origin. If two vectorfields Y1 and Y2 with curves γ1 and γ2 are equivalent, then there exists a
(1,1)-diffeomorphismh :Σc1 ∪Σb2 →Σc1 ∪Σb2 preserving Σˆc1 andΣb2 , that maps γ1 on γ2.
But if γ1 is not tangent to γ2 at the origin such diffeomorphism does not exist, and so we
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get an infinite number of equivalence classes. We can give an idea of the phase portraits
(Fig. 7) taking into account the existence of 4 topological (1,1)-conjugation classes for the
return map Π characterized by a <−1, −1 < a < 0, 0 < a < 1, and a > 1 [6].
At last consider the case Σb2 tangent to t = t¯ at (x¯, p¯, t¯ ), what corresponds to
(∂β/∂x)(0) = 0. Considering β as a one parameter (t) deformation of a function of the
two variables x and p, we conclude that generically β can be put in one of the forms
β(x,p, t) = ±x2 ± p − t by a (2,1)-diffeomorphism preserving the plane p = 0 (and
p > 0). So there exist 4 possibilities for the configuration C of the singularity sets around
the origin, that can be reduced to the two following:
C±: Σb2 =
{
(x,p, t): p = 0, x2 − t = 0},
Σc1 =
{
(x,p, t): p > 0, x2 ± p− t = 0}.
By transversality of the vectorfield to Σb2 ∪Σc1 , we conclude that there exist exactly two
equivalence classes (Fig. 8b).
3.3. Singularities in Σc2
Σc2 is a codimension 2 submanifold of T
∗
R × R consisting of the points (x¯, p¯, t¯ ) ∈
T ∗R×R around which H is of the form
H(x,p, t)= max{α1(x,p, t), α2(x,p, t), α3(x,p, t)},
where αi are smooth functions. So Σc2 is the boundary of three components of Σ
c
1 ,
Σij =
{
(αi − αj )(x,p, t)= 0, (αi − αk)(x,p, t) > 0
}
,
1 i < j  3 and k = i, j,
and is locally given by the equations (α1 − α2)(x,p, t)= (α1 − α3)(x,p, t)= 0.
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Σc2 can be either transverse or tangent to the plane t = t¯ what corresponds to either
linear independence or dependence of the vectors grad1(α1 − α2)(x¯, p¯, t¯ ) and grad1(α1 −
α3)(x¯, p¯, t¯ ). The vectorfield X˜H is given around (x¯, p¯, t¯ ) by (X˜H )|Σ¯i = X˜αi , where Σ¯i is
the closure of the component Σi of Σ0 separated by Σij and Σik (j = k).
So generically at a point (x¯, p¯, t¯ ) ∈Σc2 only the following situations can occur:
• Σc2 transverse to t = t¯ and X˜H transverse to all components of Σc1 ;
• Σc2 transverse to t = t¯ and X˜H tangent to one component of Σc1 ;
• Σc2 tangent to t = t¯ .
If Σc2 is transverse to t = t¯ at (x¯, p¯, t¯ ), we get the following normal forms after a
suitable (2,1)-diffeomorphism around (x¯, p¯, t¯ ):
Σ12 = {x = 0, p > 0}, Σ13 = {p = 0, x > 0}, Σ23 = {x − p = 0, p < 0}.
In the case X˜H is transverse to Σc1 at (x¯, p¯, t¯ ), and by conservation of normal velocity
on the singularity sets Σij , we obtain (after considering if necessary permutations of the
submanifoldsΣij ) two distinct possibilities for the trajectories after projection on the plane
t = 0 (Fig. 9a).
In [4] these two possibilities lead to exactly two equivalence classes. Now, with respect
to the simultaneity preserving equivalence, case α determines exactly one equivalence class
while case β splits in infinitely many but with phase portraits all of the same kind (Fig. 9b).
As in the cases treated previously, the construction of the equivalence between vector-
fields of type α is made after the (1,1)-conjugation of the respective return maps on Σc1 .
Let Y be a vectorfield of type α and consider the local diffeomorphism (the return map
on Σc1 )
Π : Σ13 → Σ12,
(x, t) → ϕ(τ (x, t), x,0, t),
where ϕ is the flow of Y |Σ¯1 and τ (x, t) is the time spent by the trajectory starting at
(x,0, t) ∈Σ13 to reach Σ12.
Easily we extend Π to a neighbourhood of the origin: Π˜ : Σ˜13 → Σ˜12, where Σ˜12 and
Σ˜13 are given by x = 0 and p = 0, respectively. As Y (0) is transverse to Σ˜12 and Σ˜13, and
Π˜(0, t)= (0, t), we have Π˜(x, t)= (xf (x, t), t + xg(x, t)) with f (0,0) = 0 = g(0,0).
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(1,1)-diffeomorphisms, h1 : Σ˜12 → Σ˜12 and h2 : Σ˜13 → Σ˜13 preserving Σc2 , such that h1 ◦
Π˜1 = Π˜2 ◦ h2.
Proof. Consider the map Π : Σ˜13 → Σ˜12 given by Π(x, t) = (x, t + x). There exist
smooth diffeomorphisms
hi1: Σ˜12 → Σ˜12,
(p, t) → (pφi(p, t), t), h
i
2: Σ˜13 → Σ˜13,
(x, t) → (xψi(x, t), t),
such that hi1 ◦Π = Π˜i ◦ hi2. In fact, from{
φi(x, t + x)=ψi(x, t)fi(xψi(x, t), t), (1)
ψi(x, t)gi(xψ
i(x, t), t)= 1, (2)
we obtain firstly ψi using the implicit function theorem in (2) and then using (1) we ob-
tain φi . Considering h1 = h21 ◦ (h11)−1 and h2 = h22 ◦ (h12)−1 we get h1 ◦ Π˜1 = Π˜2 ◦h2. ✷
Using an argument similar to the one presented in case AA of singularities in Σc1 (Sec-
tion 3.1), we conclude that case β leads to infinitely many equivalence classes.
Consider now the case where the vectorfield X˜H at (x¯, p¯, t¯ ) is tangent to one (and
only one) component of Σc1 . We can assume that this component is Σ12 (otherwise we
consider firstly a permutation of the sets Σij ). So (x¯, p¯, t¯ ) belongs to the closure of a set
Σˆc1 ⊂ Σ12 given locally by x = 0 = g(p, t), p > 0, where g is smooth, g(0,0) = 0, and
in general (∂g/∂p)(0,0) = 0 and (∂g/∂t)(0,0) = 0. So we can put Σˆc1 locally in the form
x = 0 = p − t , p > 0, by a (2,1)-diffeomorphism preserving the previous normal forms
of Σij .
In general the vectorfield is transverse to Σˆc1 ∪Σc2 at (x¯, p¯, t¯ ) and so around Σˆc1 the
trajectories can be of three different types: AB , AA, or BB (Section 3.1). Besides, after
projecting the trajectories contained in Σ3 on a plane transverse to all the singularity sets,
we get three distinct possibilities up to a (2,1)-diffeomorphism preserving all the singu-
larity sets (Fig. 10).
Combining them with the three possibilities for the trajectories around Σˆc1 (note that c
implies AB) we get seven different cases: ABa, ABb, ABc, AAa, AAb, BBa, and BBb.
All these cases determine an infinite number of equivalence classes. Nevertheless we can
give an idea of the possible phase portraits.
Cases AAa and AAb both determine an infinite number of equivalence classes as
around Σˆc1 the vectorfield is of type AA (Section 3.1). Considering if necessary (2,1)-
diffeomorphisms preserving all the singularity sets, we conclude that for each one of these
cases the phase portraits are all of the same kind (Fig. 11).
Fig. 10.
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Also cases ABb and BBb both determine an infinite number of equivalence classes as
around one of the components of Σc2 \ {(0,0,0)} the vectorfield is of type β . In case ABb
the trajectories that pass through points of Σˆc1 can be momentously contained in Σ1 or Σ2
what leads to two different types of phase portraits (Fig. 12). In case BBb the two possible
values of the vectorfield on Σ12 point to the same side of Σˆc1 , determining the behaviour
of the trajectories around Σc2 . So in this case the phase portraits are all of the same kind
(Fig. 11).
Next we show that case ABa also determines an infinite number of equivalence classes.
The cases ABc and BBa are treated in a similar way.
Theorem 5. The case ABa determines an infinite number of equivalence classes.
Proof. Let Y be a vectorfield of type ABa. Suppose that the trajectories through points of
Σˆc1 are momentously contained in Σ2 (if this is not the case we consider firstly a permuta-
tion of Σ1 and Σ2, that does not change the type of behaviour aroundΣc2 ). The trajectories
through points of Σˆc1 intersect Σ23 along a curve γ . There are two possibilities for the
position of γ : contained in t < 0 or in t > 0. As the equivalence must preserve γ and Σˆc1 ,
these two possibilities lead to different equivalence classes.
Suppose now that Y1 and Y2 are two vectorfields of type ABa with curves γ1 and γ2
contained in t < 0 (the other case is similar). The trajectories of Yi through points of Σc2 ∩{t  0} intersect Σ12 along a curve ρi . For Y1 and Y2 to be equivalent there must exist a
(1,1)-diffeomorphism h : Σ¯12 → Σ¯12 preserving Σˆc1 and Σc2 , sending ρ1 in ρ2. In general
ρ1 is not tangent to ρ2 at the origin and so such diffeomorphism does not exist. ✷
So in the case ABa, although there exist infinitely many equivalence classes, the phase
portraits can be of two different types (Fig. 13). For the remaining cases (ABc and BBa)
the phase portraits are all of the same kind (Fig. 13).
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At last we have to consider the case Σc2 tangent to t = t¯ at (x¯, p¯, t¯ ). Generically
(∂/∂x)(α1 − α2)(x¯, p¯, t¯ ) = 0. So after a suitable (2,1)-homeomorphism that is of class
C∞ when restricted to any subset Σik (see [6] for details) we get the two following (non-
equivalent) local normal forms for the subsets Σij :
C±: Σ12 =
{
x = 0, ±(p2 + t) > 0}, Σ13 = {p2 + 2x + t = 0, ±x > 0},
Σ23 = {p2 + x + t = 0, ±x < 0},
and a new vectorfield Y transverse to all the sets Σij at the origin. Let Y i = Y |Σ¯i . As in [4]
we assign a symbol to each pair (Y i,Σij ) as follows:
(Y i,Σij )=+(−) if Y i(0) points inward (outward) Σi at Σij .
And we say that Y flows in (out) Σi , if on each Σij (i = j ) Y i is directed inward (outward)
Σi . If Y does not flow in nor out of any Σi , we say that Y rotates around Σc2 (in this case
Y is of type β).
Lemma 4. There exist only the following possibilities (up to equivalence) for the vector-
field Y , that lead to distinct equivalence classes:
(1) The configuration of the sets Σij is C− and
(1.1) Y flows in Σ3 and out Σ1;
(1.2) Y flows in Σ3 and out Σ2;
(2) The configuration of the sets Σij is C+ and
(2.1) Y flows in Σ1 and out Σ3;
(2.2) Y flows in Σ2 and out Σ3.
Proof. Suppose that the configuration of the sets Σij is Csign(8) with 8 = ±1. Then
(Y 1,Σ12)= sign(8a), (Y 3,Σ13)= sign(−8(2a+1)), and (Y 2,Σ23)= sign(8(a+1))with
a = Y i(0) · (1,0,0) [6]. The diffeomorphism (x,p, t) → (−(p2 + x + t),p, t) permutes
Σ1 and Σ3 and leaves Σ2 invariant. So we can suppose (Y 3,Σ13) = sign(−8), that is,
2a + 1 > 0. So a + 1 > 1/2 and therefore (Y 2,Σ23)= sign(8). For each 8 there exist two
possibilities for (Y 1,Σ12) that correspond to the ones listed above. The impossibility of
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permuting Σ2 with Σ1 or Σ3 using a (2,1)-homeomorphism permits us to conclude that
the four obtained possibilities lead to distinct equivalence classes. ✷
Theorem 6. Each one of the four possibilities listed in Lemma 4 determines an infinite
number of equivalence classes.
Proof. Let Y1 and Y2 be two vectorfields as in (1.2) of Lemma 4 (the other cases are
similar). For i = 1,2 it is possible (Section 3.3) to define the following diffeomorphisms
around the origin: Π˜i : Σ˜12 → Σ˜13, where Σ˜12 and Σ˜23 are the surfaces given by equations
x = 0 and p2 + 2x + t = 0, respectively. In this case Π˜i has the form
Π˜i(p, t)=
(
p+ (p2 + t)fi(p, t), t + (p2 + t)gi(p, t)
)
with gi(0,0) = −(Y 2i (0) · (2,0,1))−1. For Y1 and Y2 to be equivalent there must exist
(2,1)-diffeomorphismsh1 : Σ˜12 → Σ˜12 and h2 : Σ˜13 → Σ˜13, preservingΣc2 , such that h2◦
Π˜1 = Π˜2 ◦ h1. So it is necessary that g1(0,0)= g2(0,0). ✷
For each case listed in Lemma 4, although there exist infinitely many equivalent classes,
it is possible to give an idea of the phase portraits (Fig. 14).
3.4. Singularities in Σbc3
Σbc3 is a codimension 3 submanifold of T ∗R × R, consisting of isolated points
(x¯, p¯, t¯ ) ∈ T ∗R×R at which H is (2,1)-equivalent to the following function at the origin:
H(x,p, t)= max
{
α1(x,p, t),max
u
{−u4 + xu+ pu2} + α2(x,p, t)
}
,
where α1 and α2 are smooth functions with α1(0)= α2(0). So the origin is the intersection
point of Σ¯b2 , Σ¯
c
2 , and Σ¯
c
1 where
Σb2 = {x = p = 0, α2 − α1 > 0}, Σc2 =
{
x = 0, p > 0, p
2
4
+ α2 − α1 = 0
}
,
and Σc1 consists of two components, one whose boundary contains Σ
b
2 given by x = 0,
p > 0, p2/4+ α2 − α1 = 0 and the other one given by
max{−u4 + xu+ pu2} + (α2 − α1)(x,p, t)= 0, (x,p) /∈ {0} ×R+0 .u
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Writing (α2 −α1)(x,p, t)= γ (t)+pP(p, t)+ xQ(x,p, t) and noting that generically
γ ′(0) = 0 = P(0), it is possible to reduce Σb2 ,Σc2 and the component C of Σc1 whose
boundary contains Σb2 to the following local normal forms: Σ
b
2 = {x = p = 0, t > 0},
Σc2 = {x = 8p+ t = 0, p > 0}, and C = {x = 0, 8p+ t > 0, p > 0}, where 8 = signP(0).
Now using a (2,1)-homeomorphism that is of class C∞ when restricted to any subset Σik
(see [6] for details) we get two distinct (nonequivalent) possibilities for the configuration
of the singularity sets around Σbc3 (Fig. 15).
In general, the new vectorfield Y (obtained from X˜H after getting the previous normal
forms for the singularity sets) is transverse to all the singularity sets at the origin, because
Σbc3 has codimension 3.
Let A= (Σc1 \C)∪Σc2 ∪Σbc3 and B = C ∪Σb2 ∪Σc2 ∪Σbc3 . And let Y 1 and Y 2 be the
two possible values for Y (0), with Y 1 = limt→0+ Y |Σb2 = (a, b,1).
In a neighbourhood of the origin all the trajectories intersect A only once, otherwise
one of the vectors Y 1 or Y 2 would be tangent to A. So around Σc2 the vectorfield must be
of type α.
Suppose that the configuration of the singularity sets aroundΣbc3 is C8 (8 =− or 8 =+)
and let Π be the application that maps each point P ∈ B in the intersection point of the tra-
jectory through P with A. Choosing coordinates (p, t) on B and (x, t) on A, we conclude
that Π(p, t)= ((t + 8p)f (p, t), t + (t + 8p)g(p, t)) with g(0,0)=−(8b+ 1)−1.
For two vectorfields Y1 and Y2 with mappings Π1 and Π2 to be equivalent, it is
necessary that there exist homeomorphisms h1 :B → B and h2 :A → A of the form
h1(p, t)= (ϕ(p, t), h(t)) and h2(x, t)= (ψ(x, t), h(t)) preserving the singularity sets and
smooth when restricted to them, such thatΠ1◦h1 = h2◦Π2. If Y 11 ·(0,1,1) = Y 12 ·(0,1,1),
such homeomorphisms do not exist. So we get an infinite number of equivalence classes. If
we drop the condition of smoothness of the homeomorphismshi when restricted to the sin-
gularity sets we are able to get, for each 8, four topological (2,1)-conjugation classes for
the map Π characterized by 8b > 0, −1/2 < 8b < 0, −1 < 8b <−1/2, and 8b <−1 [6].
The geometric meaning of these conjugacy classes is the following.
Around Σbc3 the trajectories through points of Σb2 ∪Σbc3 intersect A along a curve γ .
We can assume that B is crossed in x-increasing direction because of the symmetry of A
with respect to the plane x = 0. For each 8 the cases 8b > 0, −1 < 8b < 0, and 8b <−1
correspond to different positions of γ on A and the distinction between −1/2 < 8b < 0,
−1 < 8b <−1/2 is made upon contraction or expansion of Π with respect to Σb2 . So we
can have an idea of the different kinds of phase portraits (Fig. 16).
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3.5. Singularities in Σc3
Σc3 is a codimension 3 submanifold of T
∗
R × R consisting of the points (x¯, p¯, t¯ ) ∈
T ∗R×R around which H is of the form
H(x,p, t)= max{α1(x,p, t), α2(x,p, t), α3(x,p, t), α4(x,p, t)},
where αi are smooth functions. SoΣc3 is the boundary of four componentsΣi (i = 1, . . . ,4)
of Σ0, of six components Σij of Σc1 , and of four components li of Σ
c
2 , where the indices
are chosen in such a way that li is not in the boundary of Σi (i = 1, . . . ,4), and Σij
separates Σi and Σj .
In general, grad1(α1 − α2)(x¯, p¯, t¯ ) and grad1(α1 − α3)(x¯, p¯, t¯ ) are linearly indepen-
dent, (∂(α1 − α4)/∂t)(x¯, p¯, t¯ ) = 0, and X˜H at Σc3 is transverse to all the singularity sets.
Using a (2,1)-homeomorphism that is of class C∞ when restricted to any singularity
set [6] we get the two following (nonequivalent) local normal forms for the subsets Σi
around Σc3 :
Csign(8): Σ1 =
{
(x,p, t): x > 0, p > 0, x + p+ t > 0},
Σ2 =
{
(x,p, t): x < 0, p− x > 0, (8 − 1)x + p+ t > 0},
Σ3 =
{
(x,p, t): p < 0, p− x < 0, x + (8 − 1)p+ t > 0},
Σ4 =
{
(x,p, t): x + p+ t < 0, (8 − 1)x + p+ t < 0,
x + (8 − 1)p+ t < 0},
where 8 = ±1 and a new vectorfield Y transverse to all the sets Σij at the origin. Note
that Y no longer satisfies the law of conservation of normal velocity on Σij , because the
equivalence is not C1 on those sets. But we still have (Y i,Σij )=−(Y j ,Σij ), where Y i =
Y | ¯ and (Y i,Σij ) is defined as in Section 3.3.Σi
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the following possibilities (up to equivalence) for the vectorfield Y , that lead to distinct
equivalence classes:
(1) Y flows in Σ1 and out Σ4 and crosses Σ23 from Σ3 to Σ2;
(2) Y flows in Σ1 and out Σ3 and crosses Σ24 from Σ4 to Σ2;
(3) Y flows in Σ2 and out Σ4 and crosses Σ13 from Σ3 to Σ1;
(4) Y flows in Σ2 and out Σ4 and crosses Σ13 from Σ1 to Σ3;
(5) Y flows out Σ4 and rotates around l4;
(6) Y rotates around l2 and l4 and crosses Σ24 from Σ4 to Σ2;
(7) Y rotates around l1 and l3 and crosses Σ13 from Σ1 to Σ3;
(8) Y rotates around l1 and l3 and crosses Σ13 from Σ3 to Σ1.
Proof. If the configuration is C+, there are only two (2,1)-permutations between exactly
two sets Σi that leave C+ invariant: the permutation between Σ2 and Σ3 ((x,p, t) →
(p, x, t)) and the permutation betweenΣ1 andΣ4 ((x,p, t) → (−(p+ t),−(x+ t), t)). So
we can suppose (Y 2,Σ23)=+ and (Y 1,Σ14)=+. In the distribution diagram of (Y i,Σij )
remain to complete four columns.
Σ12 Σ13 Σ14 Σ23 Σ24 Σ34
Y 1 + / / /
Y 2 / / + /
Y 3 / / − /
Y 4 / / − /
Because (Y 4,Σ14)=− we cannot have both (Y4,Σ24)=+ and (Y4,Σ34)=+ and since
(Y 2,Σ23)=+ we cannot have both (Y2,Σ12)=− and (Y2,Σ24)=−. So there exist only
ten possibilities to complete the diagram.
The permutation ofΣ1 with Σ3 andΣ2 withΣ4 ((x,p, t) → (x+ t,−p,−t)) leaves C+
invariant, changes (Y 2,Σ12) and (Y 4,Σ34) into −(Y 4,Σ34) and −(Y 2,Σ12), respectively,
and leaves all the other signs unchanged. So the ten possibilities to complete the diagram
can be reduced to eight, that correspond exactly to the cases listed in the lemma.
To prove the second part of the lemma, let S1 = {1,2,3,4}, S2 = {5}, and S3 = {6,7,8},
and let Yi be a vectorfield of type (i). If i and j belong to different sets Sk then Yi and Yj
belong to different equivalence classes. So we consider firstly i, j ∈ S1 with i = j . Let
i = 1 and j = 2 (the other cases are treated in a similar way). Around Σc3 , each trajectory
of Yi intersects S = Σ¯14 ∪ Σ¯13 ∪ Σ¯23 ∪ Σ¯24 exactly once. And the position (Pos) of a
point P in S determines completely the intersection order of the trajectory of Yi through
P with the sets Σj , OYi (P ), as can be seen in the following tables:
Pos Σ14 ∪ l2 ∪ l3 ∪Σc3 Σ13 ∪ l4 Σ23 Σ24 ∪ l1
OY1(P ) (Σ4,P,Σ1) (Σ4,Σ3,P,Σ1) (Σ4,Σ3,P,Σ2,Σ1) (Σ4,P,Σ2,Σ1)
Pos Σ13 ∪ l2 ∪ l4 ∪Σc3 Σ14 ∪ l3 Σ24 Σ23 ∪ l1
OY2(P ) (Σ3,P,Σ1) (Σ3,Σ4,P,Σ1) (Σ3,Σ4,P,Σ2,Σ1) (Σ3,P,Σ2,Σ1)
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As it is not possible by a (2,1)-homeomorphism preserving C+ to transform Σ14 into
Σ13, Y1 and Y2 cannot be equivalent.
It remains to prove that (6)–(8) lead to distinct equivalence classes. Y6 is not equivalent
to Y7 or Y8, as it is not possible by a (2,1)-homeomorphism preserving C+, to transform
l2 ∪ l4 into l1 ∪ l3 maintaining the direction in which Σ14 and Σ23 are crossed. Also Y7 and
Y8 cannot be equivalent. In fact aroundΣc3 the trajectories of each one of these vectorfields
intersect the sets Σij as shown in Fig. 17. The trajectories come from cycle 1 rotating
around l3, go around cycle 2 k times, and enter in cycle 3 beginning to rotate around l1.
And it is not possible by a (2,1)-homeomorphism preserving C+, to transform Σ14 ∪Σ23
into Σ12 ∪Σ34. ✷
Similarly we obtain the following possibilities in the case of configuration C−.
Lemma 6. Suppose that the configuration of the sets Σi around Σc3 is C−. There exist only
the following possibilities (up to equivalence) for the vectorfield Y , that lead to distinct
equivalence classes:
(1) Y flows in Σ1 and out Σ3 and crosses Σ24 from Σ4 to Σ2;
(2) Y flows in Σ1 and out Σ3 and crosses Σ24 from Σ2 to Σ4;
(3) Y flows in Σ1 and out Σ4 and crosses Σ23 from Σ3 to Σ2;
(4) Y flows in Σ1 and rotates around l1;
(5) Y flows out Σ4 and rotates around l4;
(6) Y rotates around l2 and l4 and crosses Σ24 from Σ4 to Σ2;
(7) Y rotates around l2 and l4 and crosses Σ24 from Σ2 to Σ4.
Each one of the cases (5)–(8) in Lemma 5 and (4)–(7) in Lemma 6 leads to an infinite
number of equivalence classes. In fact, in all of them there exists at least one component
of Σc2 , where the vectorfield is of type β . Also all the other cases lead to infinitely many
equivalence classes as we show in the following theorem.
Theorem 7. Each one of the cases (1)–(4) in Lemma 5 and (1)–(3) in Lemma 6 determines
an infinite number of equivalence classes.
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Proof. Suppose that Y1 and Y2 are two vectorfields of type (1) in Lemma 5 (the other cases
are treated in a similar way). In a neighbourhood Vi of Σc3 the trajectories of Yi passing
through points of l1 ∪Σc3 intersect Σ¯12 along a curve γi given locally by
x = 0, p= tϕi(t), p  0, p+ t  0
with ϕi(0)= (bi − ai)/(ai + 1), where (ai, bi,1)= Y 2i (0). For Y1 and Y2 to be equivalent
it is necessary that there exists a (2,1)-diffeomorphismh : Σ¯12∩V1 → Σ¯12∩V2 preserving
l3 and l4, sending γ1 in γ2. So it is necessary that ϕ1(0)= ϕ2(0). ✷
Although the existence of infinitely many equivalence classes we give an idea of the
phase portraits in cases (1), (5), and (6) (Fig. 18) of Lemmas 5 and 6. The other cases have
similar phase portraits but with different intersection order with the sets Σij .
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